We show that if G is topologically isomorphic with R l ×Z m ×F, where l and m are nonnegative integers and F is a compact group with finitely many components, then an operator is compatible with F G if and only if it is compatible with F Z . And the same statement holds if G has finitely many components, or is of the form R l ×[torsion-free group with discrete topology]×[compact group with finite components].
Introduction
A locally compact abelian group means a topological abelian group with its Haar measure whose topology is locally compact Hausdorff. The real line R, the discrete group of integers Z and the circle group T are important examples. Further information can be found in [3] , [5] and [12] . Let G be a locally compact abelian group and G ′ its dual(charactor) group. For 1 ≤ r < ∞, we denote by [L r (G, µ G ), X] the Banach space of all measurable functions f : G → X for which f|L r (G) := G f(s) r dµ G (s) 1/r is finite. Let G be a fixed infinite locally compact abelian group and 1 < p ≤ 2. F G denotes the Fourier transform from L p (G) into L p ′ (G ′ ). For a bounded linear operator T between Banach spaces X and Y ,
For such T , we let
The class of these operators is a Banach ideal, denoted by F T G p . The definition and notation follow those of [10] .
It is known that F T R p = F T Z p = F T T p [10] , but the problem whether the operator ideal F T G p depends on G or not is unsolved. There are several results about FT G p , the class of Banach spaces whose identity operators are compatible with F G . And these are immediately extended to the case of F T G p by replacing the identity operator on a Banach space X with T . Peetre [9] who introduced the concept of Banach space of Fourier type p proved that X belongs to FT R p if and only if the dual space X ′ belongs to FT R p . In fact, T belongs to F T G p if and only if the dual operator
for any locally compact abelian group G. Bourgain [2] showed that FT T p ⊂ FT R p and König [7] modified Kwapien's argument [8] to show that FT R p = FT T p and extended this to that FT G p = FT T p if G is one of R m and T m , where m is a positive integer. Garcia-Cuerva, Kazarian and Torrea [4] and Andersson [1] showed independently
H is an open subgroup of G, and that FT E p = FT Z p if E is a nontrivial torsion free abelian group with the discrete topology.
In this paper we characterize F T G p partly as follows. In Section 2, we show for every locally compact abelian group G that T |F T R×G p is equivalent to T |F T Z×G p , and T |F T Z n ×G p = T |F T Z×G p . The Cartesian product means the direct sum. By applying these, we easily obtain some results in the above paragraph and the relation F T R k ×Z l ×T m ×G p = F T Z×G p for any nonnegative integers k, l, m with k + l + m ≥ 1. In Section 3, we combine the results of Section 2 with the properties of a locally compact abelian group to show that F T R k ×Z l ×F p = F T Z p for any compact, locally compact abelian group F with finitely many components. And we show that if G ∼ = R k ×[torsion-free group with discrete topology]×[compact group with finite components] then F T G p = F T Z p . If the number of components of a locally compact abelian group G is a finite number n then for some positive c and C, we have c T |F T T
From now on, X and Y are Banach spaces and T : X → Y is a bounded linear operator. We denote the dual group of G by G ′ . But we use the fact that R ′ = R and Z ′ = T. We use the abbreviation LCA for 'locally compact abelian'. The term 'isomorphic' means 'topologically isomorphic'.
2.
Classifying F T G p via direct sum. First we observe that the proof in [4] of the fact FT R p = FT Z p can be modified to yield the following: Proposition 1. For any LCA group G, we have the inequalities
and hence
Proof. For arbitrary δ > 0, let
where the summation is over Z, g m is an X-valued simple function on G and g m = 0 except for finitely many m. Note that the set of all X-valued functions of the form of f is dense in [L p (R × G), X]. We compute
Since δ(m+1/2)
where we used the inequality n | sins s−nπ | p ′ ≤ 1 for any reals = nπ and 2 ≤ p ′ < ∞, see [6] .
Therefore we have T |F T R×G
For the right inequality let f(k, t) = m g m (t) χ {m} (k) where g m is an X-valued simple function and g m = 0 except for finitely many m. By density argument it's enough to consider f of the above form. Now we have
(2)
We use the identity, exp(ims) = Rs /2 sin(s/2) χ [m−1/2 , m+1/2] (s) exp(iss) ds, to obtain the following inequality:
This completes the proof of Proposition 1.
It is well-known that for any LCA group G and operator T , T |F T G p = T ′ |F T G ′ p . By applying this property, we have the following:
Proof. By Proposition 1 we have
Similarly
From Proposition 1 and 2, we conclude that F T R×G p = F T Z×G p = F T T×G p for every LCA group G. And we have the following two corollaries.
We continue this to obtain
Similarly we apply Proposition 2 n times to obtain
Proof. The proof is similar to that of Corollary 3.
Lemma 5. For every LCA group G and every positive integer n,
where g m is an X-valued simple function on G and the summation is on a finite subset of Z, then
We have
where the summation is on a finite subset of Z × Z, then we have
so it follows that T |F T Z 2 ×G p ≤ T |F T Z×G p . Therefore we have T |F T Z 2 ×G p = T |F T Z×G p . A simple generalization yields, for all positive integers n that
Remark 1. In fact, a dissipative group A satisfies the property that T |F T A n ×G p = T |F T A×G p for any positive integer n and for any LCA group G. The definition and properties of a dissipative group are introduced in [4] . The idea of the proof of Lemma 5 goes back to [4] . Proof. Without loss of generality we assume a, b, c > 0. By applying Proposition 7, we have
Theorem 9. Let G be an LCA group then F T R a ×Z b ×T c ×G p = F T Z×G p for any nonnegative integers a , b , c with a + b + c ≥ 1.
Proof. By Proposition 7 we have
3. Search for G satisfying F T G p = F T Z p and Further classification. We notice that to solve the problem of deciding whether F T G p depends on G, we should solve that problem on the compact abelian groups since any compactly generated LCA group is a product of finite number of R's and Z's and a compact group [5] . The dual group of a compact group has the discrete topology [12] . More over if G is a compact abelian group then G is connected iff G ′ is tortion-free [5] . This fact gives a clue to the results in this section.
First, we introduce Weil's formula which factorizes an integration on G into double ones on a closed subgroup and its factor group. 
if f is a compactly supported continuous Banach space-valued function or a nonnegative lower semi continuous function on G.
In Theorem 10 if any two of µ G , µ H and µ G/H are given then the third is determined so that the statement holds.
Andersson [1] obtained the inequality,
H is an open subgroup of an LCA group G and I X is the identity operator on a Banach space X. By replacing I X with a bounded linear operator T : X → Y in the proof of [1] , we have the following: Proposition 11. Let H be an open subgroup of an LCA group G then we have
Proof. For any f ∈ [C c (H), X], let
Thenf belongs to [C c (G), X]. Now we can choose the Haar measures on H, 
Therefore we have
and T |F T H p ≤ T |F T G p . Now we consider torsion-free LCA groups with the discrete topology.
Corollary 12. For any non-trivial torsion-free LCA group E with the discrete topology,
Proof. The proof is similar to that of FT E p = FT Z p in [1] : Since Z is isomorphic with an open subgroup of E, by applying (7) we have T |F T Z p ≤ T |F T E p . On the other hand for any X-valued simple function f defined on E which has finite L p -norm, f is non-zero only on a subset of an open subgroup which is isomorphic with Z k for some positive integer k. Therefore we have
Thus the equality (9) follows.
Lemma 13. Let H be a closed subgroup of an LCA group G such that G/H is finite. If n is the cardinal number of G/H then
hence F T G p = F T H p . Proof. Since G/H is finite, H is open and by the inequlity (7) we have the left side. The proof of the right side is as follows. Let us choose s 1 , s 2 , ..., s n in G such that G/H = {s 1 + H , s 2 + H , ..., s n + H}. The measure of G/H is the counting measure. By applying Weil's formula, for any compactly supported continuous
and in fact
for some positive reals c(a, b) , C(a, b). Note that T×F is connected and compact. Thus we again have T |F T T×F p = T |F T T p by (12) .
If F has only finitely many components and C is the component(maximal connected set) of the identity element then F/C is finite and we have the following result.
Theorem 15. Let F be an infinite compact LCA group with n components. Then for any nonnegative integers a , b, there exists c(a, b) , C(a, b) > 0 such that
And therefore F T R a ×Z b ×F p = F T p .
Proof. Let C be the component of the identity element of F then the factor group
is a finite group with n elements. Thus by Lemma 13,
Then the statement follows from Proposition 14.
This Theorem can not say anything about the case when F has infinitely many components, because of the factor n 1/p ′ .
Remark 2. If G is an LCA group and C is the component of the identity of G then C is a closed normal subgroup of G and the factor group G/C is totally disconnected and Hausdorff [5] . Moreover if an infinite compact LCA group F has infinitely many components then the factor group with respect to the component of the identity is totally disconnected, infinite and compact. Thus for the problem(P)-whether F T G p depends on G, it remains to solve (P) when G is restricted as totally disconnected, infinite and compact. The Cantor group Z ∞ 2 is the simplest example of such groups. Thus solving the question whether
is equivalent to T |F T Z p is crucial to the problem(P). Theorem 15 can be extended when our scope goes beyond the bounds of compactly generated LCA groups.
Theorem 16. Let E be a nontrivial torsion free group with the discrete topology and F an infinite, compact and connected LCA group. Then for any LCA group G,
IfF is a compact LCA group with n components then for any nonnegative integer k there exist c(k), C(k) such that
where l, m = 0 or 1 and k + l + m ≥ 1. In particular if G is the trivial group then
Proof. First, Z is isomorphic with an open subgroup of E, and then Z × G is an open subgroup of E × G. By applying (7) The rest follows by applying the above two results, Proposition 1, 2 and Lemma 13.
For an LCA group, the component of the identity is isomorphic with R n × F, where n is a nonnegative integer and F is a compact connected group, see [5] . Therefore we have the following:
Theorem 17. Let G be an LCA group with n components. Then there are positive real numbers c and C such that
and hence F T G p = F T p . Proof. Let C be the component of the identity, G/C is a finite LCA group. Hence by Lemma 13 we have T |F T C p ≤ T |F T G p ≤ n 1/p ′ T |F T C p . And C is isomorphic with R k × F, where k is a nonnegative integer and F is a compact connected group. F is trivial or infinite. If F is trivial then by applying Proposition 2 it follows that
for some c, C > 0. And by (12) , T |F T T k p = T |F T T p . Thus we have
If F is infinite, we also have (14) by Proposition 14. Therefore the inequality (13) follows, and F T G p = F T p . It seems that the number of components of LCA group G can potentially make F T G p different from F T p . As for the class of Banach spaces which has Fourier type p for an infinite LCA group, we have the following: ii) For any LCA group G which has finitely many components, then FT G p = FT p .
